Tunable Fano Resonances in Transport through Microwave Bilhards 
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We present a tunable microwave scattering device that allows the controlled variation of Fano 
line shape parameters in transmission through quantum billiards. Transport in this device is nearly 
fully coherent. By comparison with quantum calculations, employing the modular recursive Green's- 
function method, the scattering wave function and the degree of residual decoherence can be deter- 
mined. The parametric variation of Fano line shapes in terms of interacting resonances is analyzed. 
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Asymmetric Fano line shapes are an ubiquitous feature 
of resonance scattering when (at least) two different path- 
ways connecting the entrance with the exit channel exist. 
Fano resonances have been observed in a wide array of 
different subfields of physics starting with photoabsorp- 
tion in atoms P, Q. , electron and neutron scattering 
0, 01 , Raman scattering 0, photoabsorption in quan- 
tum well structures 0, scanning tunnel microscopy 0, 
and ballistic transport through quantum dots ( "artificial 
atoms") HEl 

llll I12I . Interest in observing and ana- 
lyzing Fano profiles is driven by their high sensitivity to 
the details of the scattering process. For example, since 
Fano parameters reveal the presence and the nature of 
different (non) resonant pathways, they can be used to 
determine the degree of coherence in the scattering de- 
vice. This is due to the fact that decoherence converts 
Fano resonances into the more familiar limiting case of 
a Breit-Wigner resonance. Furthermore, they provide 
detailed information on the interaction between nearby 
resonances leading to "avoided crossings" in the complex 
plane 0, , and to stabilization of discrete states in 
the continuum ("resonance trapping" [islll^). 
Exploiting the equivalence of the scalar Helmholtz equa- 
tion for electromagnetic radiation in cavities with con- 
ducting walls and the Schrodin ger equation subject to 
hard- wall boundary conditions |l7| . we have designed 
a scattering device (Fig. ^ that allows the controlled 
tuning of Fano resonances for transport through quan- 
tum billiards. The evolution of the Fano parameters 
as a function of the tuning parameter, in the present 
case the degree of opening of the leads, can be traced in 
unprecedented detail, since decoherence due to dissipa- 
tion is kept at a low level. By comparison with calcula- 
tions emp loying the modular recursive Green's function 
(MRGM) llSj l , the parametric variation of Fano reso- 
nances on the degree of decoherence can be quantitatively 
accounted for. Furthermore the relevant pathways can be 
unambiguously identified in terms of wave functions rep- 
resenting the contributing scattering channels. Due to 
the equivalence between microwave transport and single- 
electron motion in two dimensions, our device also simu- 
lates ballistic electron scattering through a quantum dot. 



In contrast to recent investigations of mesoscopic dots 
and single-electron transistors 0, 0, 0| , where compar- 
ison between theory and experiment has remained on a 
mostly qualitative level, our model system allows for a 
detailed quantitative analysis of all features of tunable 
resonances. 

Our microwave scattering device consists of two com- 
mercially available waveguides (height h=7.8 mm, width 
d=15.8mm, length /=200mm) which were attached both 
to the entrance and the exit side of a rectangular res- 
onator (height i?=7.8mm, width D = 39 mm, length L 
= 176mm). At the junctions to the cavity metallic di- 
aphragms of different openings were inserted (Fig. 
The microwaves with frequencies between 12.3 and 18.0 
GHz, where two even transverse modes are excited in 
the cavity and one transverse mode in each of the leads, 
are coupled into the waveguide via an adaptor to ensure 
strong coupling. 

The experimental results are compared with the predic- 
tions of the MRGM. We solve the S matrix for the single 
particle Schrodinger equation for this "quantum dot" by 
assuming a constant potential set equal to zero inside 
and infinitely high outside of a hard-wall boundary. At 
asymptotic distances, scattering boundary conditions are 
imposed in the leads. The coupling of the leads to the 
cavity of length L can be varied by two diaphragms which 
are placed symmetrically at the two lead openings. The 
lead width d and the width of the rectangular cavity D 
determine how many flux-carrying modes are open at a 
certain energy e in each of the three scattering regions 
(lead-cavity-lead) . We consider in the following the range 
of wavenumbers where one flux-carrying mode is open in 
each of the leads, while the first and second even trans- 
verse modes are open inside the cavity, thus providing 
two alternative pathways of quantum transport. In or- 
der to further characterize the interfering paths, we de- 
compose the transport across the cavity into a multiple 
scattering series involving three pieces |20| , each of which 
is characterized by a mode-to-mode transmission (reflec- 
tion) amplitude or a propagator: (1) the transmission of 
the incoming flux from the left into the cavity, t^^\ or 
reflection back into the lead, (2) the propagation 
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inside the cavity from the left to the right, G^^^\ or 
from the right to the left, G^^^\ and (3) the transmis- 
sion from the interior of the cavity to the right, t^^^ , or 
internal reflection at each of the two vertical cavity walls 
with amplitude r*^^^ . For the Green's functions (i.e. prop- 
agators) G^^^\xr,xl) and G^^^\xl,xii) we choose a 
mixed representation which is local in x, and employs 
a spectral sum over transverse modes, G^^^\xr,xl) — 
G(^^\xl,xr) = X]„ I") exp(zA:„|xfl, - a:L|)(n|, where 
xr,l are the x-coordinates of the right (left) lead junction 
with Ix/j— cclI = L. The longitudinal momentum for each 
channel n in the cavity is given by fc„ — y^k^ — (k!^)^, 
with the momentum k = \f2e and the threshold fc-values 
fcjj = u-k/D. Decoherence due to dissipation of the mi- 
crowave power in the cavity walls can be easily incor- 
porated by analytically continuing fc„ into the complex 
plane, fc„ — ^k"^ — (fcj^)^ -^in. The quantitative analysis 
of Fano resonances for these systems can be used to accu- 
rately determine the degree of dissipation present. The 
multiple scattering expansion of the transmission ampli- 
tude T is then given by 
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The identification of the resonant and non-resonant path- 
ways with help of Eq. is straightforward: due to 
the absence of inter-channel mixing in the rectangular 
(i.e. non-chaotic) cavity, the non-resonant contribution 
corresponds to the n = term of the sum describing di- 
rect transmission while the resonant contribution is made 
up by all multiple-bounce contributions [n > 1). The 
various amplitudes entering Eq. ^ can be parameter- 
ized in terms of four phases and two moduli |2l|: the 
modulus, s, of the reflection amplitude of the wave in- 
coming in mode 1 and reflected into mode 1 at the left 
diaphragm. 



(2) 



and the modulus, p, of the partial injection amplitude 
of the incoming wave into the lowest mode of the cavity, 
corrected for the partially reflected flux. 



s2 e'-^' 



(3) 



Because of the symmetry of the scattering device, the 
injection (ejection) amplitude at the left (right) side are 
equal. Accordingly, the injection amplitude into the sec- 
ond even mode of the cavity is given by 



(4) 



Analogous expressions can be deduced [2l| for the other 
partial amplitudes entering Eq. (Q. We omit a detailed 



analysis of the phases in Eqs. (|2I3I4|I since they do not 
explicitly enter our analysis in the following. The key ob- 
servation in the present context is that the square mod- 
ule is monotonically decreasing in between the limiting 
values = 1 for zero diaphragm opening {w = 0) and 
« for fully open diaphragms {w ~ d). Inserting Eqs. 
(|2I3I4|I into Eq. a closed yet complicated expression 
for the transmission probability \T{e, s)\ as a function of 
the energy e and the opening parameter s can be de- 
rived. Close to a given resonance ef' this expression can 
be approximated by the Fano form |^ , 
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where ef-{s) is the position of the z-th resonance, Ti{s) 
its width, and qi{s) the complex Fano asymmetry pa- 
rameter, all of which depend on s. Window resonances 
appear in the limit g — > while the Breit-Wigner limit is 
reached for \q\ ^ 1. It should be noted that, in general, q 
cannot be simply identified with the ratio of resonant to 
non-resonant couphng strength [i^ili^l- Fig. El presents 
both the experimental and theoretical dependence of the 
transmission probability |Tp on k (or s). In the measure- 
ment, the diaphragms were successively closed in steps 
of 1 mm. The data sets of Fig. [3 (a,b,c) represent the 
transmission probability for three different values of the 
opening of the diaphragms w = 5.8, 8.8, and 15.8 mm, 
respectively. Note the remarkable degree of agreement 
between the measured and the calculated data without 
any adjustable parameter. In Fig. |2t where w/d w 0.37, 
transport is suppressed and mediated only by resonance 
scattering with narrow Breit-Wigner shapes centered at 
the eigenenergies of the closed billiard as indicated by the 
ticmarks. With increasing diaphragm opening (Fig. ^p) 
transport acquires a significant non-resonant contribu- 
tion, leading to the widening and the overlap of reso- 
nances. Finally, for fully open leads (Fig. 13;), w/d = 1 
(or s ~ 0) resonances appear as narrow window reso- 
nances in a non-resonant continuum. The trajectory of 
the resonance parameter as a function of s can be both 
experimentally and theoretically mapped out in consid- 
erable detail. Different types of resonances can be identi- 
fied by their characteristically different resonance param- 
eters. The evolution of the Fano parameter as a function 
of w/d (or s) for one resonance is highlighted in Fig. O 
The transition from a narrow Breit-Wigner resonance via 
a somewhat wider asymmetric Fano profile to a window 
resonance is clearly observable. The good agreement with 
theory allows to accurately determine the degree of de- 
coherence present in the experiment. As the Fano pro- 
file, in particular near its minimum, is very sensitive to 
any non-interfering incoherent background, we can de- 
termine an upper bound for the damping by comparison 
between experiment and theory to be k ^ 10""*. As illus- 
trated in Fig. 13 even a slightly larger value of k = 10""^ 
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would drastically deteriorate the agreement between ex- 
periment and theory. In line with the value k = 10"'*, 
we obtain an imaginary part of the complex Fano pa- 
rameter for systems without time-reversal symmetry [l9j 
out of our fitting procedure as Imq < 0.1. We note that 
by using superconducting cavities k could still be further 
reduced j2J|, however with little influence on the result, 
since we have already nearly reached the fully coherent 
limit. 

Following the parametric evolution of a large number of 
resonances we find a characteristic pattern of Fano res- 
onance parameters (Fig. 0J. As example we show the 
evolution of the g-parameter as a function of the open- 
ing w/d. Obviously, two distinct subsets of resonances 
appear in the rectangular billiards: one set is charac- 
terized by a large and only weakly dependent asymme- 
try parameter q. A second set of resonances features a 
strongly varying q (on the log-scale!) from large values 
near the Breit-Wigner limit to values close to g « for 
wide opening, yielding a window resonance. At the same 
time, the width F first increases with w/d increasing from 
close to 0, then reaches a local maximum and finally de- 
creases slightly when w/d 1 (not shown). A similar 
non-monotonic behavior of F was recently observed in a 
single-electron transistor experiment Such features 
can be understood in terms of avoided crossings in the 
complex plane 0, 0| between interactiiig resonances. 
While the von Neumann- Wigner theorem '25] for bound 
states predicts avoided crossings between states of the 
same symmetry and thus a non-monotonic variation of 
the eigenenergy, interacting resonances can also display 
avoided crossings on the imaginary axis |l^ Il4|. i.e. ex- 
change of the width of resonances and thus leading to a 
non-monotonic behavior of one of the F involved. The 
two resonance poles approach each other in the com- 
plex energy plane and go through an avoided crossing 
as a function of the coupling parameter s. As a result 
of this "resonance trapping" effect, the larger resonance 
gets even larger for increasing s and will form a back- 
ground, on top of which the narrow resonance is situated 

For the present system, the interacting resonances can 
be completely characterized in terms of scattering wave 
functions that can be unambiguously determined theo- 
retically (see inset Fig. 0)). Resonances that undergo a 
complete evolution from Breit-Wigner resonances to a 
window resonance are all associated with the second even 
excited state in the cavity, while resonances that main- 
tain their Breit-Wigner shape are connected to transport 
through the transverse ground state of the cavity. This 
mapping is controlled by the amplitude p for transmis- 
sion through the first transverse mode [see Eqs. (|3I4|) ]. 
In the case that p'^ > 1/2 all resonances associated with 
the first mode are broader than the resonances associ- 
ated with the excited state and vice versa for < 1/2. 
For geometric reasons the scattering device studied here 



(Fig. nj always favors transport through the first cav- 
ity mode and therefore > 1/2. In this way we arrive 
at the remarkably simple result that all resonances as- 
sociated with a first mode feature a weakly varying q, 
while all resonances associated with the second mode un- 
dergo the complete evolution from the Breit-Wigner to 
the window limit. This one-to-one mapping is supported 
by the data of Fig.|21 where only second-mode resonances 
(indicated by the long ticmarks) "survive" the transi- 
tion of w/d 1, while all first- mode resonances (short 
ticmarks) vanish in the background of the transmission 
spectrum. The present observation has far-reaching im- 
plications for other systems. By tracing the evolution of 
a given resonance as a function of a control parameter 
the nature of the resonant channel can be uniquely de- 
termined. 

In summary, the rectangular microwave cavity attached 
to two leads allows to study the interplay between reso- 
nant and non-resonant transport in unprecedent detail. 
By controlled change of the opening, tuning a Fano res- 
onance from the Breit-Wigner limit to the window reso- 
nance limit has become possible. Fano resonances can be 
used to accurately determine the degree of decoherence 
present in a scattering device. Non-monotonic behavior 
of resonance parameters can be related to avoided cross- 
ings between interacting resonances, which can be unam- 
biguously associated with different resonant modes of the 
cavity. The latter feature is a consequence of the sepa- 
rability of the wave function in the closed cavity. Future 
investigations along these lines for non-separable chaotic 
cavities promise new insights into the resonance dynam- 
ics of open chaotic systems. 
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FIG. 1: (a) Schematic sketch of the rectangular cavity with 
leads attached symmetrically on opposite sides. Exchange- 
able diaphragms at the lead junctions allow to control the 

coupling between the cavity and the leads. The open even 
transverse states are indicated, (b) Photograph of the exper- 
imental setup. 



FIG. 2: Total transmission probability, T*°'(\/2e d/yr, w/d), 
for transport through the rectangular cavity with three dif- 
ferent openings of the diaphragms: (a) w/d = 37%, (b) 
w/d = 56% and (c) w/d = 100%. For better comparison, the 
experimental and the calculated results are shown as mirror 
images. The positions of all eigenstates in the closed cavity 
are indicated by the gray ticmarks. For all the calculated 
curves shown, a damping constant of k = 10~* was used. 



FIG. 3: Fano resonance near the second even excited trans- 
verse mode at kd/n w 1.5095. Experimental and theoreti- 
cal result for four different cavity openings {w/d) are shown. 
Curves with equal w/d-ratio are displayed in the same line 
style (solid, dashed, dotted, dash-dotted). For all calculated 
curves a damping factor k = 10~* was used, except for the 
additional gray dashed curve shown for which k = 10~^ and 
w/d = 0.68. 
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FIG. 4: Real part of the asymmetry parameter |Re(g)| as a 
function of the diaphragm opening w/d. The shown data are 
obtained by fits to experimental data. Solid circles • (open 

triangles A) correspond to resonances originating from the 
first (second) even cavity eigenstate. Typical wavefunctions 
\ip{x,y)\^ for these two classes of resonances arc shown in 
the inset. The •-resonances always keep an |Re(g)| > 10, 
above which the Fano resonances are very close to the Breit- 
Wigner lineshape [Re(g) = oo\. The A-resonances undergo a 
complete evolution from Breit-Wigner to window type as w/d 
varies between and 1. 
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